Abstract. We study partially-hyperbolic skew-product maps over the Bernoulli shift with Hölder dependence on the base points. In the case of contracting fiber maps, symbolic blender-horseshoe is defined as an invariant set which meets any almost horizontal disk in a robust sense. These invariant sets are understood as blenders with center stable bundle of any dimension. We then give necessary conditions (covering property) on an iterated function system such that the relevant skew-product has a symbolic blender-horseshoe. We use this local plug to yield robustly nonhyperbolic transitive diffeomorphisms and robust heterodimensional cycles of co-index equal to the dimension of the central direction.
Introduction
Currently hyperbolic systems are quite well understood from the topological and statistical perspectives, see [BDV05] . A natural objective is to characterize obstructions to hyperbolicity. In [Pal00] , Palis conjectured that generation of cycles (heterodimensional cycles and homoclinic tangencies) is the only obstruction: every diffeomorphism can be approximated either by a hyperbolic one or by one with a cycle. This conjecture was proved for surface C 1 -diffeomorphisms in [PS00] and in higher dimensions there are some partial results, see [CP10] .
On the other hand, dynamical properties which exhibit some "persistence" play an important role in dynamics. A property of a diffeomorphism is robust if there is a neighborhood consisting of diffeomorphisms satisfying such a property. Bearing in mind this concept, for the C 1 -case Bonatti formulated in [Bon04] a strong version of "hyperbolicity versus cycles" conjecture: the set of hyperbolic diffeomorphisms and the set of diffeomorphisms with robust cycles are two open sets whose union is dense in the space of C 1 -diffeomorphisms. This conjecture was proved in [BD08] for the so-called "tame systems".
In this paper we study the generation of C 1 -robust cycles continuing the work of [BD08, BD12] . One of the main tools used are the so-called "blenders", which are hyperbolic sets in some sense similar to the thick horseshoes introduced by Newhouse [New70] in the setting of homoclinic tangencies. Roughly, a blender is a local plug that guarantees the closure of an invariant manifold of a hyperbolic set to be greater than the dimension of its unstable bundle.
Besides playing a key role in the generation of robust cycles (see [BD08, BD12] ), blenders are also important in other settings such as construction of non-hyperbolic robustly transitive sets [BD96] , discontinuity of the dimension of hyperbolic sets [BDV95] , stable ergodicity [RHRHTU07] , and difusion in symplectic and Hamiltonian settings [NP12] .
The papers [BD96, BD08, BD12] consider blenders having a one-dimensional "central" direction, see Definition 1.1. Here, following the ideas in [NP12] we study blenders with "central" direction of any dimension, which enables us to consider these sets in more general settings.
Blenders appear in a natural way in the context of skew-product diffeomorphisms
where n ≥ 2, F : R n → R n has a horseshoe Λ ⊂ [−1, 1] n , and the fiber maps φ(x, ·) : R → R are contractions. Since F | Λ is conjugate to a shift, this map can be studied symbolically. This leads to consider symbolic skew-product maps Φ over the shift map τ : Σ k = {1, . . . , k} Z → Σ k of k ≥ 2 symbols of the form
where M is a manifold and φ ξ : M → M are diffeomorphisms depending continuously with respect to ξ. The set Σ k is called base and M is the fiber. In this paper we will work with maps of the form (1.1) and in order to emphasize the role of the fiber maps we write Φ = τ ⋉ φ ξ .
1.1. Symbolic blender-horseshoes. Before introducing symbolic blenderhorseshoes let us recall the definition of a blender (with one-dimensional center contracting direction) in [BDV05, BD12] : Definition 1.1 (cs-blenders). Let f be a C 1 -diffeomorphism of compact manifold M and Γ ⊂ M a transitive hyperbolic set of f with a dominated splitting of the form E ss ⊕ E cs ⊕ E u , where its stable bundle E s = E ss ⊕ E cs has dimension equal to k ≥ 2 and E cs is one-dimensional. The set Γ is a cs-blender if it has a C 1 -robust superposition region of embedding disks H, that is, there are a C 1 -neighborhood V of f and a C 1 -open set H of embeddings of k−1 dimensional disks H into M such that for every diffeomorphism g ∈ V, every disk H ∈ H intersects the local unstable manifold W u loc (Γ g ) of the continuation Γ g of Γ for g.
The definition of symbolic blender-horseshoe involves a set S 0,α k,λ,β (D) of symbolic skew-product maps of the form (1.1), where D is a bounded open set of M , k is the number of symbols of the shift map, and 0 ≤ α ≤ 1, 0 < λ < β refer to the Hölder exponent and the contraction/expansion constants of the fiber maps, respectively. See the precise definitions in Section 1.5.
To adapt the definition of a blender to the symbolic context we need to define the family of almost horizontal disks, which provides the superposition region. Here W s loc (ζ; τ ) def = {ξ ∈ Σ k : ξ i = ζ i , i ≥ 0} is the local stable set of ζ for τ and 0 < ν < 1 such that d Σ k (τ (ξ), τ (ζ)) = ν for all ξ ∈ W s loc (ζ; τ ). We are now ready to formulate the definition of a symbolic blender. 1.2. Iterated function systems, and generation of blenders. A special case of symbolic skew-product maps are the one-step ones where the fiber maps φ ξ only depend on the coordinate ξ 0 of ξ = (ξ i ) i∈Z ∈ Σ k . So, we have that φ ξ = φ i if ξ 0 = i, and write Φ = τ ⋉ (φ 1 , . . . , φ k ). In this paper, blender-horseshoes are obtained by small perturbations in S 0,α k,λ,β (D) of onestep skew-product maps.
Blenders in the one-step setting (see Definition 3.1) were first introduced in [NP12] where the fiber maps satisfy the covering and well-distribution of periodic points properties. Our construction does not use the well-distribution property (compare with [NP12, Proposition 3.6]), but involves the so-called Hutchinson theory for iterated function systems [Hut81] , defined as follows.
Given maps φ 1 , . . . , φ k : D → D, we denote by IFS(φ 1 , . . . , φ k ), the set of all compositions of the maps φ 1 , . . . , φ k and will refer to this as the associated iterated function system (or IFS) of the one-step map Φ = τ ⋉ (φ 1 , . . . , φ k ). Then the maximal invariant set Γ Φ of Φ in Σ k × D is a symbolic cs-blenderhorseshoe for Φ whose superposition domain contains B. 1.3. Applications: robust heterodimensional cycles and mixing sets. Our strategy is to give conditions on the IFS which will imply that the associated one-step skew-product map has a symbolic cycle or is mixing (see Definition 5.4). Then, one studies the robustness of these properties under perturbations in the symbolic setting (see Theorems 5.5 and 5.10). Finally, the smooth realization of the one-step skew-product shows that the corresponding property is robust in the C 1 -topology (Proposition 5.2). We now state precisely our applications.
A heterodimensional cycle for a diffeomorphism f ∈ Diff 1 (M ) between a pair of hyperbolic transitive sets Ω 1 and Ω 2 of different indices (dimension of their stable bundles) is defined by the relations
The co-index is the absolute value of the difference between the indices of Ω 1 ,Ω 2 . We are interested in cycles that cannot be destroyed by perturbations.
Definition 1.4 (Robust heterodimensional cycle).
A diffeomorphism f has a C 1 -robust heterodimensional cycle associated with its transitive hyperbolic sets Ω 1 and Ω 2 if there is a C 1 -neighborhood U of f such that every g ∈ U has a heterodimensional cycle associated with the hyperbolic continuations Ω g 1 and Ω g 2 of Ω 1 and Ω 2 , respectively. In [BD08] it is proved that cycles of co-index one yield C 1 -robust cycles after small perturbations. A key ingredient is the construction of blenders with one dimensional center-stable direction. Here we consider F : N → N a C 1 -diffeomorphism with a horseshoe and M a manifold of dimension c ≥ 1. We prove that there are maps arbitrarily close to F ×id having robust cycles. The following result is a generalization of [BD08, Theorem 2.4].
Theorem B. Let F : N → N be a C 1 -diffeomorphism with a Smale horseshoe. Then there is an arc {f ε } ε∈(0,ε 0 ] of C 1 -diffeomorphisms on N × M such that f 0 = F × id and f ε has a C 1 -robust heterodimensional cycle of co-index c for all 0 < ε < ε 0 .
The construction in [BD96] of persistent non-hyperbolic transitive diffeomorphisms used a "chain of blenders", which is a connected family of blenders. Here, we provide an alternative construction with symbolic blenders, thus obtaining a slightly stronger, topologically mixing, version of the theorem. An invariant set X is topologically mixing for a map g if for any pair of open sets U , V of X there is a n 0 > 0 such that g n (U ) ∩ V = ∅ for all n ≥ n 0 .
Theorem C. Let F : N → N be a C 1 -diffeomorphism with a Smale horseshoe Λ. Then there is an arc {f ε } ε∈(0,ε 0 ] of C 1 -diffeomorphisms on N × M such that f 0 = F × id and for every small enough C 1 -perturbation g of f ε , 0 < ε < ε 0 , there is a g-invariant set ∆ g ⊂ N × M homeomorphic to Λ × M which is a non-hyperbolic topologically mixing set for g.
1.4.
Organization of the paper. In the next section we will study symbolic skew-products in S 0,α k,λ,β (D) with β < 1, and properties of the maximal invariant set in Σ k × D. In Section 3 we will look at symbolic blenderhorseshoes in the one-step setting and then prove Theorem A in Section 4. Finally, in Section 5, we will prove Theorems B and C.
1.5. The set of symbolic skew-products. Given positive constants 0 < λ < β, a map φ :
where · is the metric of M and x−y denotes the distance between x and y in M . For a fixed 0 ≤ α ≤ 1, we say that Φ = τ ⋉ φ ξ is locally α-Hölder continuous (or that its fiber maps φ ξ depend locally α-Hölder continuously on D with respect to the base point ξ) if there is a constant C ≥ 0 such that
and every ξ, ζ ∈ Σ k with ξ 0 = ζ 0 , where d Σ k is the metric defined by
We denote by C Φ the smallest non-negative constant satisfying (1.2) and call it the local Hölder constant of Φ on D.
Definition 1.5 (Sets of symbolic skew-products). Let D ⊂ M be a bounded open set, r ≥ 0, 0 < λ < β, 0 ≤ α ≤ 1 and k > 1. We define S r, α k,λ,β (D) as the set of symbolic skew-product maps Φ = τ ⋉ φ ξ as in (1.1) such that
where Φ = τ ⋉ φ ξ and Ψ = τ ⋉ ψ ξ .
1.6. Standing notation. Given a bi-sequence ξ = (. . . , ξ −1 ; ξ 0 , ξ 1 , . . .) ∈ Σ k the symbol at the right of ";" is the "0 coordinate" of ξ. Given Φ = τ ⋉ φ ξ , for every n > 0 and every
(1.4)
Note that for every n ≥ 0,
1.7. cu-blenders. To define a symbolic cu-blender-horseshoe, firstly we need to introduce the associated inverse symbolic skew-product for
, is called the associated inverse skew-product for Φ. Here
denotes the conjugate sequence of ξ = (. . . ξ −1 ; ξ 0 , ξ 1 , . . .). Note that since τ (ξ) * = τ −1 (ξ * ), then iterates of Φ * correspond to iterates of Φ −1 . This observation allows us to define symbolic cu-blender-horseshoes for skewproducts in S 0,α k,λ,β (D) with λ > 1 and α > 0. Namely, symbolic cu-blenderhorseshoe for Φ is defined as a symbolic cs-blender-horseshoe for Φ * .
For the rest of the article we just consider symbolic cs-blender-horseshoes, calling them for short symbolic blenders. We also fix the following quantities: the number k ≥ 2 of symbols, the contractivity ratio 0 < ν < 1 of shift map τ : Σ k → Σ k , the Hölder exponent 0 ≤ α ≤ 1, the non-empty bounded open set D and the local Lipschitz constants λ and β. Thus, for simplicity we just write S in the place of S 0,α k,λ,β (D).
Symbolic skew-products
In this section given Φ = τ ⋉ φ ξ ∈ S with 0 < λ < β < 1 and α > 0 we study the maximal invariant set Γ Φ of Φ in Σ k × D. We will prove that Φ| Γ Φ is conjugated to τ | Σ k , W uu loc (Γ Φ ; Φ) = Γ Φ and the projection of Γ Φ in M depends continuously in the Hausdorff metric on Φ (see Theorem 2.9). This is a version of well-known results from [HPS77] in our setting of symbolic skew-products.
2.1. Invariant graph. The invariant graph theorem is an important tool to understand symbolic blenders. Next result claims the existence of a "unique invariant attracting graph" on Σ k ×D for Φ ∈ S. Indeed these graphs depend continuously on Φ. The theorem below is a reformulation of the results in [HPS77] (see also [Sta99, Theorem 1.1] and [BHN99, Section 6] for Item (iii)).
Given a function g : Σ k → D its graph map is defined by
and its graph set by
Theorem 2.1 ([HPS77, Sta99, BHN99]). Consider Φ = τ ⋉ φ ξ ∈ S with β < 1 and α ≥ 0. Then there exists a unique bounded continuous function
For notational simplicity in what follows we just write Γ Φ in place of Γ g Φ to denote the unique contracting invariant graph set. The next proposition shows that Γ Φ is the locally maximal invariant set in Σ k × D.
Proposition 2.2. Consider Φ = τ ⋉ φ ξ ∈ S with β < 1 and α ≥ 0. Then i) the restriction Φ| Γ Φ of Φ to the set Γ Φ is conjugate to τ , and ii) the graph set Γ Φ is the (forward) maximal invariant set in Recall that periodic points of the shift map τ are dense in Σ k , that is, Σ k = Per(τ ). The conjugation in the first part of this proposition implies that
To prove that Γ ⊂ Γ Φ , given any (ξ, x) ∈ Γ it is enough to see that x = g Φ (ξ). As the set Γ Φ is bounded, we have that
Since the maps φ ξ are contractions with contraction constant 0 < β < 1 we deduce that
Taking n → ∞ we get x = g Φ (ξ) and so (ξ, x) ∈ Γ Φ . Thus Γ ⊂ Γ Φ , proving the proposition.
2.2. Unstable sets. In this section we study the relation between the set Γ Φ and the unstable sets of points (ξ, x) ∈ Γ Φ . We first show the existence of a strong unstable lamination. To this end, we define the local unstable set of ξ for τ as
and the unstable set of (ξ, x) for Φ as
Proposition 2.3. Consider Φ = τ ⋉ φ ξ ∈ S with β < 1, α > 0, and let Γ Φ be the maximal invariant set of Φ in Σ k × D. Then, there exists a partition
, indeed:
We define a sequence of maps γ
Note that {γ u,n ξ } is a sequence in the complete metric space
Lemma 2.4. The sequence {γ u,n ξ } is Cauchy sequence and so it converges to some continuous map γ u ξ : W u loc (ξ; τ ) → M . Proof. Since β, ν < 1, to prove the first part in the lemma it is enough to see that γ
To prove this inequality first recall notation in (1.4) and observe that Item (i) of Theorem 2.1 implies that for every n > 0 and ξ
To prove the inequality in (2.1), observe that γ
• g Φ (ξ) .
As φ
• g Φ (ξ) ∈ D, then local Hölder continuity implies
The proof of the lemma is now complete. x) ; Φ). From (2.2) and noting that x = g Φ (ξ) we have that
Since the maps φ ξ are β-contractions and g Φ : Σ k → D, if K is an upper bound of the diameter of D we get that
To prove that γ u ξ is an α-Hölder map (Item (i)) first note that by the triangle inequality
Claim 2.5.
We postpone the proof of this claim. Taking n → ∞ in (2.3) we get
Note that the Hölder constant obtained is uniform on ξ and x = g Φ (ξ).
Proof of Claim 2.5. For every i ∈ {1, . . . , n}, we have that
where the first inequality follows from the β-contraction of φ ξ , and the second one from the α-Hölder continuity of φ ξ .
This completes the proof of Item (i).
To prove Item (iv) observe that
where equality (2.4) is consequence of (2.2): φ
(2.5)
, and using that
This implies (2.5) goes to zero as n goes to infinity and therefore (ξ ′ , x ′ ) belongs to W u ((ξ, x); Φ). The proof of Item (v) and of the proposition is now complete.
By construction, the sets of the partition W u
Before stating the next proposition we denote by Per(Φ) the set of periodic points of Φ and that P : Σ k × M → M is the projection on the fiber space.
Proof. To prove the inclusion
By Item (v) of Proposition 2.3, we have that W uu loc ((η, y); Φ) ⊂ W u ((η, y); Φ) and thus it follows (2.6).
Let us prove the converse inclusion:
. By definition of the unstable set,
we have that
From (2.7) and since β < 1, we get this limit is zero and so
To prove Item (ii), consider a periodic point ϑ ∈ Σ k of τ and note that W u (ϑ; τ ) and Per(τ ) are both dense in Σ k . Using the conjugation in Proposition 2.2 and item (i), we get
Recalling that K Φ is the closure of projection by P of the periodic points of Φ in D and since the projection P is a closed map and Σ k is a compact set, Equations (2.8) and (2.9) imply that
Finally, by definition P(Γ Φ ) = g Φ (Σ k ) and from the above equation
2.3. Continuation of the reference cube. In this subsection we will prove that K Φ depends continuously with respect to Φ. Given two subsets A and B of D we define
We have the following properties of
where T is a Lipschitz map, (H3) if A i and B i are non-empty subsets for all i in a set of index I then
We consider the set K(D) whose elements are the compact subsets of D endowed with the Hausdorff metric d H obtaining a complete metric space. Define the map
Note that by Proposition 2.6 we have K Φ ∈ K(D) for all Φ ∈ S and thus this map is well defined.
Proof. Fix a small ε > ǫ > 0, let δ = ǫ(1 − β)/2 > 0. and take a fixed point
by Proposition 2.6 the strong unstable set and the unstable set of (ϑ, p Θ ) are equal. Thus
By Item (i) of Proposition 2.3, the graph set of γ u
Hence by Proposition 2.6
On the other hand, for each n ≥ 0, we have that
Fix ξ ∈ W u loc (ϑ; τ ), first we will estimate (2.10) for n = 0.
, by the notation in (1.4) and Item (iv) in Proposition 2.3 we get:
. . .
Using the claim above, the triangle inequality and the β-contraction of φ ξ ,
We may write the last inequality in the form β m (A) + (B). By continuity and since ξ is in the local unstable manifold of the fixed point ϑ for τ we get
Hence the first term in the sum goes to zero as m → ∞. To estimate the term (B) recall that
Arguing inductively we obtain
Putting together the estimates for (A) and (B) we get γ u
Now, for each n ≥ 1, with a similar calculation we obtain that
Arguing analogously (using the triangle inequality and
Putting together these estimates and using that β n < 1, we have that
the proof of the proposition.
The following theorem summarizes the results obtaining in this section:
Theorem 2.9. Consider Φ ∈ S 0,α k,λ,β (D) with β < 1 and α > 0. Then
Moreover, the following holds:
and
given by L (Φ) = K Φ is continuous. As of consequence of the above theorem, one has that the local unstable set of Γ Φ for Φ defined as
is precisely Γ Φ . Indeed,
Moreover,
Symbolic blenders in the one-step setting
Let us introduce the definition given in [NP12] for one-step symbolic blenders. First consider the subset
consisting of one-step skew-product maps.
Definition 3.1 (One-step symbolic cs-blender). Consider a one-step skewproduct map Φ ∈ Q with β < 1.
The maximal invariant set
for every ξ ∈ Σ k and every non-empty open subset U in B. Here (ϑ, p Ψ ) is the continuation of the fixed point (ϑ, p) for Ψ.
Observe that Definition 1.3 implies Definition 3.1. Let (ϑ, p) be a fixed point of Φ ∈ Q. Note that for (ξ, x) ∈ Σ k × B and for any δ > 0, the set W s loc (ξ; τ ) × {x} is a δ-almost horizontal disk. Then by Theorem 2.9 and Definition 1.3, the closure of
In this section, we prove the existence of symbolic blenders in the one-step setting. We begin studying the relation between one-step skew-products and their associated IFS. To construct symbolic one-step blenders we use the covering property and the Hutchinson attractor of the associated IFS.
3.1. One-step skew-products and IFS's. Consider Φ = τ ⋉ (φ 1 , . . . , φ k ) and let IFS(Φ) be the associated iterated function system. The orbit of a point x ∈ M for IFS(Φ) is the set
Next proposition shows that if (ϑ, p) is a fixed point of Φ then Orb Φ (p) is the projection onto the fiber space of the strong unstable set of (ϑ, p). This result was proved in [NP12, Proposition 2.16], since the proof is short for completeness we include it here. A consequence of this proposition is that the density property (3.1) of the strong unstable set in Definition 3.1 of one-step symbolic blenders is reduced to the density of the orbit of the "fixed point" p for the associated iteration function system.
Proof. Since (ϑ, p) is a fixed point of Φ then
On the other hand, we have for each n ≥ 1
Since Φ is one-step, φ τ i (ζ) = φ ζ i for all i ≥ 0. Note that φ ζ (p) = φ ϑ (p) = p and then
Hence the projection on the fiber space of the strong unstable set is Orb Φ (p), concluding the proof of the proposition.
A neighborhood V of a one-step map Φ in Q is a neighborhood in the topology of S intersected with Q. Since the topology of S is induced by the distance in (1.3) and noting that for every Ψ ∈ Q its Hölder constant is
A periodic point (ϑ, p) of a skew-product map Φ = τ ⋉φ ξ is fiber-hyperbolic for Φ if p is a hyperbolic fixed point of φ n ϑ , where n is the period of (ϑ, p). We analogously define fiber-attractors and fiber-repellors. i) there is a neighborhood V of Φ in Q such that for every Ψ ∈ V,
Proof. From Proposition 3.2, for a fixed point (ϑ, p Ψ ) of Ψ, we have that
For the converse, take the fixed point (ϑ,
. . , i n ; ξ 0 , ξ 1 , . . .), and note that (ζ, x) ∈ W s loc (ξ; τ ) × U . It is enough to see that (ζ, x) ∈ W uu (ϑ, p Ψ ); Φ . Since (ϑ, p Ψ ) is a fixed point of Ψ, by the choice of x we have that To see why this remark is true first note that Equation (3.2) immediately implies Item (ii) (just take x = p). For the converse take a perturbation
Proposition 3.6. Let Φ = τ ⋉ (φ 1 , . . . , φ k ) ∈ Q and consider a blending region B ⊂ D of Φ. Suppose that there are a hyperbolic fixed point p ∈ D of some φ i and a map φ ∈ IFS(Φ) with φ(p) ∈ B. Then the maximal invariant set of Φ in Σ k × D is a one-step symbolic blender.
Proof. By Proposition 3.3, it is enough to see that B ⊂ Orb Ψ (p Ψ ), for every Ψ = τ ⋉ (ψ 1 , . . . , ψ k ) close to Φ, where p Ψ the continuation of p for Ψ. By hypothesis, there are i n , . . . , i 1 such that
As B is a blending region for IFS(Φ) it follows that
This concludes the proof of the proposition.
Blending regions for contracting IFS: Hutchinson attractor.
Given an one-step map Φ = τ ⋉ (φ 1 , . . . , φ k ), we define Per(IFS(Φ)) as the projection of P(Per(Φ)) in the fiber space, that is the set of fixed points of the maps in IFS(Φ). Associated with Φ or with IFS(Φ), the Hutchinson's operator is defined by
where K(D) denotes the set of compact subsets of D and A ∈ K(D). If the maps φ i are contractions, then the map G Φ is also a contraction. This fact leads to the following result: Hut81] ). Let Φ ∈ Q with β < 1. Then there exists a unique compact set K G Φ ∈ K(D) such that
Moreover, the set K G Φ depends continuously (in the set Q) on the map Φ and is the global attractor of G Φ , that is, for every A ∈ K(D) it holds
We call the compact set K G Φ (in what follows denoted by K Φ ) the Hutchinson attractor of the contracting one-step map Φ or of its associated IFS(Φ).
Let us recall that given x ∈ D, its orbit for IFS(Φ) is defined by
We now have the following consequences of Proposition 3.7:
Corollary 3.8. Consider Φ = τ ⋉ (φ 1 , . . . , φ k ) ∈ Q with β < 1 and let K Φ be the Hutchinson attractor.
ii) For every p ∈ K Φ there is a sequence (σ n ) n∈N ∈ {1, . . . , k} N such that
Proof. To prove the first item note that by hypothesis,
To prove Item (ii) recall that by Proposition 3.7, i , and as K Φ is bounded, there exists ℓ ∈ N such that
. Now it is enough to take n = ℓ + m and the sequence (i, ℓ . . ., i, σ 1 , . . . , σ m ). This completes the proof of the corollary.
The next result shows that an open set satisfying the covering property for a contractive IFS is a blending region.
Corollary 3.9. Consider Φ ∈ Q with β < 1. Let B ⊂ D be a non-empty bounded open set satisfying the covering property for IFS(Φ). Then for every Ψ ∈ Q close enough to Φ one has that B ⊂ K Ψ ⊂ Orb Ψ (x), for all x ∈ D, where K Ψ is the Hutchinson attractor of Ψ.
The corollary above and Proposition 3.6 imply that the covering property generates one-step symbolic blenders (Definition 3.1).
Corollary 3.10. Let Φ = τ ⋉ (φ 1 , . . . , φ k ) ∈ Q with β < 1 and let B ⊂ D be a non-empty open set satisfying the covering property:
Then the maximal invariant set of Φ is a one-step symbolic blender. 
Symbolic blenders in the Hölder setting
In this this section we will prove the following result: 
Since by Theorem 2.9 one has that W uu loc (Γ Ψ ; Ψ) = Γ Ψ , Theorem 4.1 and Equation 4.2 imply the existence of symbolic blender (Theorem A).
In order to proof Theorem 4.1, firstly we introduce some notation and preliminary results.
Main lemma:
Given a finite wordω = ω −m . . . ω −1 ω 0 ω 1 . . . ω n , where m, n ≥ 0 and ω i ∈ {1, . . . , k}, we define the bi-lateral cylinder by
Given ζ ∈ Σ k and a finite wordω :=ω −n = ω −n . . . ω −1 , where n ≥ 1 and ω i ∈ {1, . . . , k}, we define the relative cylinder by
is the set of symbolic skew-product maps in Definition 1.5. In what follows ν α < λ < 1, α > 0 and there is no restriction on β. In the next lemma we estimate the distance between the backward orbits of a point x when iterated by different maps ψ −1 ξ . Lemma 4.2. Consider Ψ = τ ⋉ ψ ξ ∈ S with α > 0, ν α < λ < 1 a word ω = ω −n . . . ω 0 . . . ω n , and a point x ∈ D such that for every ζ ∈ Cω one has that ψ
for all 1 ≤ i ≤ n and all ξ, ζ ∈ Cω.
Proof. The proof is by induction. For i = 1, the Hölder inequality (1.2) and ξ, ζ ∈ Cω imply
We argue inductively. Suppose that the lemma holds for i − 1, i < n:
for every ξ, ζ ∈ Cω. We will see that the estimate also holds for i. By the triangle inequality,
• ψ
Since the inverse of these functions expand at most 1/λ, the above equation is less than or equal to
where y = ψ
By the induction hypothesis (4.4),
As y ∈ D, applying the Hölder inequality (1.2) and since ξ, ζ ∈ Cω we get
Putting together the previous inequalities we obtain
ending the proof of the lemma. ⇐= We will see that if the covering property is not satisfied then intersection (4.1) is also not satisfied. If B does not satisfy the covering property then there is x ∈ B such that x ∈ φ i (B) for all i = 1, . . . , k. We can assume that x ∈ B, otherwise we can take an arbitrarily small perturbation Ψ = τ ⋉ (ψ 1 , . . . , ψ k ) of Φ such that the covering property in B for IFS(Ψ)
is not satisfied for a point in B. The condition x ∈ φ i (B) for all i = 1, . . . , k implies that Φ −1 (ξ, x) ∈ Σ k × B for all ξ ∈ Σ k and hence
Therefore Γ + Φ (B) does not meet the horizontal disk H s = W s loc (ξ; τ ) × {x}, and thus the intersection property (4.1) is not verified.
=⇒ We split the proof of the fact that the covering property implies the intersection condition into two steps.
Choice of the neighborhood V of Φ. Recall that given an open covering C of a compact set X of a metric space, there is a constant L > 0 and a Lebesgue number of C, such that every subset of X with diameter less than L is contained in some member of C.
Let 2L > 0 be a Lebesgue number of the open covering {φ 1 (B), . . . , φ k (B)} of B. Note that there are C 0 -neighborhoods U i of φ i such that the family
is an open covering of B. By shrinking the size of the sets U i we can assume that L is a Lebesgue number of this covering. We can also assume that any ψ ∈ U i is a C 0 -(λ, β)-Lipschitz map on D for all i = 1, . . . , k.
We take a neighborhood V of Φ in S such that if Ψ = τ ⋉ ψ ξ ∈ V then ψ ξ ∈ U i with i = ξ 0 . By (4.5),
Since Φ is a one-step map then φ ξ = φ ζ if ξ 0 = ζ 0 , and hence we can take the Hölder constant C Φ = 0. The definition of the distance in (1.3) implies C Ψ is close to C Φ = 0. By hypothesis ν α < λ, and so shrinking the neighborhood V we can assume that for every Ψ = τ ⋉ ψ ξ ∈ V,
This completes the choice of the neighborhood V of Φ.
Existence of a point in Γ + Ψ (B) ∩ H s . Let us consider V to be the above neighborhood of Φ. The main step is the following proposition.
Proposition 4.3. Consider 0 < δ < λL/2 and let H s be a δ-horizontal disk in Σ k ×B associated with some (ζ, z) ∈ Σ k ×B and α-Hölder constant C ≥ 0. Then for every Ψ = τ ⋉ ψ ξ ∈ V there are an infinite wordω = . . . ω −n . . . ω −1 with ω −n ∈ {1, . . . , k} and a sequence of nested compacts subsets {V n } of M such that for every n ∈ N it holds that
Let us see how the implication (=⇒) follows from this proposition. Let
Observe that (ξ, x) ∈ H s and ψ 
Note that diam(V ) ≤ 2δ < L. By the definition of the Lebesgue number, we have that V ⊂ B i 1 for some i 1 ∈ {1, . . . , k}. Recall the definition of the relative cylinder in (4.3) associated with ζ ∈ Σ k and the wordω −1 = i 1 and consider the set
By construction V 1 ⊂ V ⊂ B i 1 and by (4.6),
Proof. Given x and y in V 1 there are ξ and η in Cω −1 (ζ) such that x = h(ξ) and y = h(η). Since h is (α, C)-Hölder continuous,
proving the claim.
By Claim 4.4 and since the fiber-maps
Recalling that Cν α < δ (see Definition 1.2) we get that
Therefore,
Arguing inductively, we suppose that we have constructed a finite word ω −n := ω −n . . . ω −1 (the wordω −i is obtained adding the letter ω −i to the wordω −i+1 ) and closed sets V n ⊂ V n−1 ⊂ · · · ⊂ V 1 with
and such that for every ξ ∈ Cω −n (ζ),
We now construct the wordω −(n+1) and the closed set V n+1 ⊂ V n satisfying analogous inclusions and inequalities. By (4.10) we have that
Proof. Givenx andȳ in A n there are x, y ∈ V n and ξ, η ∈ Cω −n (ζ) such that
where the last inequality is follows from Lemma 4.2 and the induction hypothesis (4.10). Since ξ and η belong to
where the last inequality follows from (4.7). Note that
Therefore for every pair of pointsx,ȳ ∈ A n we have x −ȳ < L and thus diam(A n ) < L, proving the claim.
Since L is a Lebesgue number of the covering {B i } k i=1 , the claim implies there is i n+1 ∈ {1, . . . , k} such that A n ⊂ B i n+1 . We let
Proof. Given x, y ∈ V n+1 there are ξ, η ∈ Cω
(ζ) such that x = h(ξ) and y = h(η). From the (α, C)-Hölder continuity of h and since ξ, η ∈ Cω
, and equations (4.6) and (4.10) we get
for every ξ ∈ Cω −(n+1) (ζ). Therefore (4.10) holds for (n + 1)-step and we can continue arguing inductively. This completes the construction of the infinite wordω and the sequence of nested sets {V n } in the proposition, ending the proof.
The proof of Theorem 4.1 is now complete.
4.3.
Partially hyperbolic symbolic skew-products. For applications of blenders we would need to have additional fiber maps, that are not necessarily contracting or forward invariant in the region D. Thus, we will embed a symbolic blender for a one-step map Φ defined on Σ k × M into another one-step mapΦ on Σ d × M with d ≥ k. Firstly, we will impose some partially hyperbolic conditions onΦ, which are motivated by the reduction of partial hyperbolic diffeomorphisms to the setting of symbolic skew-products (see next section, Proposition 5.2).
Definition 4.7 (Partial hyperbolic symbolic skew-products).
We will denote by PHS Under the assumption of these partially hyperbolic conditions, the usual graph transform argument yields a local strong stable and unstable laminations for a symbolic skew-productΦ.
Proposition 4.8 ([AV10]). LetΦ ∈ S
0,α d,γ,γ −1 (M ) be a symbolic skew-product satisfying the s-domination condition ν α < γ. Then, there exists a partition : W s loc (ξ; τ ) → M with α-Hölder constant less or equal than C (uniform on ξ and x), and it depends continuously onΦ, ii) W ss loc ((ξ, x);Φ) varies continuously with respect to (ξ, x), i.e, the map
where (ξ, ξ ′ ) varies in the space of pairs of points in the same local stable set for τ ,
There is a dual statement of Proposition 4.8 for symbolic skew-product Φ satisfying the u-dominating conditionγ −1 < ν −α . Namely, one has a partition W
is said to be local strong unstable set throughout the point (ξ, x). We define the global strong unstable set of (ξ, x) as
For aΦ-invariant set Γ we define local strong unstable set of Γ forΦ as
In the same manner, the global strong unstable set of Γ, denoted by W uu (Γ;Φ), is defined as the union of the global strong unstable sets of the points in Γ and it holds W
The local/global strong stable sets are defined similarly and satisfy analogous inclusions.
Proposition 4.9 (Embedded blender). LetΦ ∈ PHS 0,α d (M ) be a one-step skew-product map with d ≥ k. Assume that the restriction
. Then there exists δ > 0 such that for every small enough S 0,α -perturbationΨ ofΦ it holds
is the forward maximal invariant set in Σ k × B for Φ. We can enlarge the size of B a little, call this new setB, assuming that for every small enough S 0,α -perturbation Ψ ofΦ, it holds
(4.11)
Observe that for each (ξ, x) ∈ Σ d × M , sinceΦ is a one-step map then
Since the strong unstable set depends continuously onΦ, we can assume that for every small enough S 0,α -perturbationΨ ofΦ,
(4.12)
A slight modification of the proof of Theorem 4.1 shows that there is δ > 0 such that for every small enough S 0,α -perturbationΨ ofΦ we have
Here
, . . . , k} for i < 0}. This assertion is showed by repeating the same argument as in the proof of Theorem 4.1, using the s-domination condition ν α < γ (instead of ν α < λ) and the global Hölder continuity of the fiber maps with respect to the base point.
Consider a S 0,α -perturbationΨ = τ ⋉ ψ ξ ofΦ satisfying (4.11), (4.12) and (4.13) and let Γ cs
(4.14)
This assertion proves the claim since if
. In order to prove (4.14), observe that from (4.11) it is enough to show thatΨ −n (ζ, z) = Ψ −n (ζ, z) ∈ Σ k ×B for all n ≥ 0. From the invariance of the local strong unstable lamination (dual statement of Item (iii) in Proposition 4.8) it follows that
for all n ≥ 0 and according to (4.12) it follows that
Hence, since ζ ∈ Σ k , (4.15) and (4.16) imply thatΨ −n (ζ, z) ∈ Σ k ×B for all n ≥ 0. Therefore (ζ, z) ∈ Γ + Ψ (B) ⊂ Γ cs Ψ concluding (4.14) and the proof of the claim.
To conclude the proposition it suffices to observe that the above claim and (4.13) imply that W uu loc (Γ cs
The proof is now complete.
Observe that the set W s loc (ζ; τ ) × {z} is an horizontal disk and in the one-step case this set coincides to the local strong stable set of (ζ, z). For Hölder perturbations of one-step maps, Proposition 4.8 implies that the local strong stable sets are almost horizontal disks. Then, we obtain the following remark:
Remark 4.11. LetΦ ∈ PHS 0,α d (M ) be an one-step skew-product map as in the hypothesis of Proposition 4.9. For every small enough S 0,α -perturbation Ψ ofΦ and every (ξ,
Applications: Robust heterodimensional cycles and mixing sets
Our goal here is to generate robust heterodimensional cycles (Section 5.2) and robust non-hyperbolic mixing sets (Section 5.3) in the presence of symbolic blenders. We will start by explaining how to go from partially hyperbolic diffeomorphisms to symbolic skew-products. In this section, N and M denote compact Riemannian manifolds and id : M → M the identity map. 5.1. Reduction to perturbations of symbolic skew-products. Let F be a C 2 -diffeomorphism of N with a horseshoe Λ ⊂ N of d-legs which has a DF -invariant splitting of the tangent bundle
such that in a Riemannian metric on N there is 0 < µ < ν < 1 satisfying
for all unit vectors v ∈ E s z , w ∈ E u z and z ∈ Λ. We assume that E s Λ , E u Λ are trivial product bundles. Both, the above assumption and the extra regularity of F , are technical conditions necessary for the main result in [IN12] , but it is conjectured that it holds without them (see also [Gor06, PSW12] ). This result is our main tool to prove the next proposition (see Proposition 5.2).
Let f be a C 1 skew-product diffeomorphism over F defined as
where φ(z, ·) : M → M is a family of C 1 -diffeomorphisms such that there are positive numbers γ andγ satisfying
We will assume that the skew-product diffeomorphism (5.1) satisfies that
where for a fixed δ > 0 small enough
We say that L f is the local Lipschitz constant of f (or f −1 ). The inequalities (5.3) are called modified dominated splitting condition in [IN12] . The first inequality is clearly verified if L f = 0. The other inequalities are the dominated conditions in the definition of partial hyperbolicity.
Definition 5.1. A skew-product diffeomorphism f as (5.1) is said to be locally constant if L f = 0.
Partial hyperbolic locally constant skew-product diffeomorphisms over a horseshoe satisfy the modified dominated splitting condition (5.3). Modified dominated splitting condition is a C 1 -open condition since the same property is satisfied for any diffeomorphism C 1 -close. However, a C 1 -close diffeomorphism g of f is a priori not a skew-product. Under the assumptions (5.3), from Hirsch-Pugh-Shub theory [HPS77] or from the recent works of [Gor06, IN12, PSW12] it follows that g is topologically conjugated to a skew-product. We will explain more about this.
Proposition 5.2. Let f be a C 1 -skew-product diffeomorphism as (5.1) satisfying (5.2) and (5.3). Then given ε > 0 small enough, any ε-perturbation g of f in the C 1 -topology has a locally maximal invariant set ∆ ⊂ N ×M homeomorphic to Λ × M such that g| ∆ is conjugated to a symbolic skew-product
with α = log ν/ log µ > 0 and local Hölder constant C Ψg = L f + O(ε). it is showed that this lamination is C 1 -persistent. The C 1 -persistence of such lamination means that for any C 1 -perturbation of f , there exists a lamination, C 1 -close to L, which is preserved by the new dynamics, and such that the dynamics induced on the space of the leaves remains the same.
Given ε > 0 small enough we take g a C 1 -diffeomorphism ε-close to f in the C 1 -topology. Note that,
for all x, x ′ ∈ M and z in a neighborhood of Λ.
For each z ∈ Λ, the fiber W σ(z) , continuation of L z for g is parametrized by the graph of a C 1 -map Q(z, ·) : M → M × N . According to [IN12,  Theorem A] and since g is ε-close to f , we get
For C 1 maps, the C 0 norm of the first derivative is equal the best Lipschitz constant. Hence, the above inequalities show that
By sending W σ(z) to z we may define a continuous projection P : ∆ → N such that P (∆) = Λ and
is an homeomorphism whose inverse is h −1 (z, x) = (Q(z, x), x). Let
Observe that
Thus,g is a skew-product diffeomorphism defined on Λ × M which is conjugated to g| ∆ by means of the conjugation h. Since for each z ∈ Λ the map ψ(z, ·) is a composition of C 1 -maps, then it is a C 1 -map. In addition, we can easily check that the rate of contraction and expansion of these maps are uniformly close toγ −1 and γ respectively. Indeed,
By means of (5.4) and (5.5) it follows that
In the same way one obtains that
Taking ε > 0 small enough we can assumeγ −1 and γ remain, respectively, the rates of contraction and expansion for ψ(z, ·). This calculation shows that the derivatives of ψ(z, ·) and φ(z, ·) are O(ε)-close. Moreover, since Q(z, ·) is C 1 -close to the constant function x → z, it follows that ψ(z, ·) and
Although for each z ∈ Λ the maps ψ(z, ·) are C 1 -diffeomorphisms, the map g is not necessarily a C 1 -diffeomorphism since h is not a C 1 -conjugation. However, according to [IN12, Theorem A] it follows that both h and h −1 are locally α-Hölder continuous maps with α = log ν/ log µ > 0. Thus, the function ψ = π M • g • h −1 is locally α-Hölder continuos with respect to the base points: if d N (z, z ′ ) < δ it holds that
where L g and C h are the local Lipschitz and α-Hölder constants of g and h respectively.
Recall that F | Λ is conjugated to the Bernoulli shift τ : 
Therefore, we obtain thatg is conjugated to a locally α-Hölder symbolic skew-product map
ℓ ≥ 0 and α = log ν/ log µ > 0. The same arguments work for a small perturbation g −1 of f −1 and therefore the inverse map Ψ −1 g is also a skew-product with the same Hölder exponent 0 < α ≤ 1 and local Hölder constant C Ψ ≥ 0.
To end the proof we need to show that C Ψg = L f + O(ε). To do this note that L g is the local Lipschitz constant of g (or g −1 ) i.e.,
. Also, the local Hölder constant C h of h (or h −1 ) varies continuosly with h that in turn depends continuously on g. In fact, in view of (5.6) we get that h and h −1 are close to the identity and so
, which concludes the proof of the proposition.
Note that the above result also holds if f is only defined locally as a skewproduct diffeomorphism over the rectangles coming from a Markov partition of Λ. This fact will be useful to define locally constant skew-product diffeomorphisms in the proof of Theorem B and Theorem C. 5.2. Robust heterodimensional cycles: Proof of Theorem B. In this section we will prove theorem B. We will first describe how to build robust cycles in the symbolic setting and then transfer this to dynamics of diffeomorphisms on manifolds, thus proving Theorem B.
Definition 5.4 (Symbolic cycles). LetΦ ∈ PHS r,α d (M ) be a symbolic skewproduct with a pair ofΦ-invariant sets Γ 1 and Γ 2 . We say thatΦ has a symbolic cycle associated with Γ 1 and Γ 2 if their stable/unstable sets meet cyclically, that is, if
Assuming that Γ 1 and Γ 2 have continuations, we say that the symbolic cycle is S r,α -robust if the cyclic intersection of stable/unstable sets holds for every small enough S r,α -perturbation ofΦ.
The next proposition shows how to construct robust symbolic cycles using blenders that come from the covering property.
Theorem 5.5 (Symbolic cycles from blenders).
Assume that there are open subsets B cs ⊂ D cs and B cu ⊂ D cu such that the following properties hold:
• Covering property:
• Cyclic intersections: there exist x ∈ B cs , y ∈ D cu and m, n > 0 such that φ n k+1 (x) ∈ B cu and φ m k+2 (y) ∈ D cs . Then the one-stepΦ = τ ⋉ (φ 1 , . . . , φ k , φ k+1 , φ k+2 ) ∈ PHS 1,α k+2 (M ) has a S 1,α -robust symbolic cycle associated with symbolic blenders whose superposition domains contain B cs and B cu .
Proof. We split the proof of the proposition into two lemmas. Firstly, we need to choose the S 1,α -neighborhood V ofΦ = τ ⋉ (φ 1 , . . . , φ k , φ k+1 , φ k+2 ) in which we will work. This neighborhood is taken as the intersection of the following three sets:
• V 1 is the neighborhood ofΦ given by Proposition 4.9.
• V 2 is the neighborhood ofΦ such that for everyΨ ∈ V 2 and y ∈ D cu (from the cyclic intersection hypothesis) it holdŝ
where C + is the set of the bi-sequence ξ = (ξ i ) i∈Z ∈ Σ k+2 such that ξ i = k + 2 for 0 ≤ i ≤ m and ξ i ∈ {1, . . . , k} otherwise.
• V 3 is the neighborhood ofΦ taken so that the strong stable sets are δ-almost horizontal disks, where δ > 0 is defined in the following manner. Suppose z ∈ M with z − φ n k+1 (x) < δ, then for everŷ Ψ ∈ V 3 it holdsΨ
where C − is the set of the bi-sequences ξ = (ξ i ) i∈Z ∈ Σ k+2 such that ξ i = k + 2 for −n ≤ i < 0 and ξ i ∈ {1, . . . , k} otherwise. FixΨ ∈ V, let us to prove that 
To prove this lemma we need the following claim. Here Σ + k,k+2 represents the bi-sequences ξ = (ξ i ) i∈Z ∈ Σ k+2 such that ξ i ∈ {1, . . . , k} for i ≥ 0, and Σ − k,k+2 the bi-sequences such that ξ i ∈ {1, . . . , k} for i < 0.
. Proof of the claim. We will prove the first inclusion and the second inclusion is analogous. From Theorem 2.9, the set Γ cs Ψ is an attractive graph and so lim
Now, using the triangular inequality it holds
According to Proposition 4.8 and (5.7) the right part of the above inequality converges to zero and therefore we conclude the claim.
To obtain the lemma we only need to note that C + × {y} ⊂ Σ − k,d × D cu and thus by the above claim belongs to W u (Γ cu Ψ ;Ψ). On the other hand, using thatΨ ∈ V and again the claim, it follows that
, which concludes the proof of the lemma.
We observe that the number k of translations of φ 1 depends on the dimension of M and the contraction bound λ of φ 1 .
Proof of Lemma 5.9. This result is a consequence of Theorem A. Consider the open ball B ε (p) ⊂ D of radius ε > 0 centered at the fixed point p of φ 1 . Note that there are k = k(λ, dim M ) > 0 and points d 1 = p and d i ∈ B ε (p), i = 2, . . . , k, such that (B ε (p) ). Then the choice of the points d i and the inclusion above imply that (p) ). Thus the one-step map Φ = τ ⋉(φ 1 , . . . , φ k ) satisfies Theorem A and therefore it has a symbolic cs-blender with B ε (p) contained in the superposition domain.
Going back to the proof of the theorem, by Lemma 5.9 there are k (depends only on λ and the dimension of M ) and open sets B cs ⊂ D cs , B cu ⊂ D cs containing p and q respectively such that
k,λcu,βcu (D cu ) with λ cs = λ, β cs = β, λ cu = β −1 and β cu = λ −1 . Now let us build a transition map between the regions D cs and D cu . Fix a small ε > 0 and consider the map, in local coordinates, ϕ(x) = x + q − p. From the choice of p and q, it holds ϕ = ϕ ε goes to the identity when ε → 0.
By hypothesis, F has a Small horseshoe Λ. We consider a natural number ℓ such that F ℓ | Λ is conjugated to the full shift of d symbols with d ≥ k + 1 and we take R 1 , . . . , R d rectangles in the ambient manifold N such that {R 1 ∩ Λ, . . . , R d ∩ Λ} is a Markov partition for F ℓ | Λ . Moreover, assume that for every unit vectors v and w in the stable and unstable direction of Λ respectively it holds
for some positive constant µ ≤ ν ≤ ν α < 1/2 being α = log ν/ log µ ∈ (0, 1]. We now modify f 0 = F ×id in f ℓ−1 0 (R i ×M ) to get a one-parameter family of diffeomorphisms f ε satisfying
Note that the locally constant skew-product diffeomorphism f ℓ ε restricted to the set Λ×M is conjugated to the partially hyperbolic symbolic skew-product
In fact, from Proposition 5.2, for every small enough C 1 -perturbation g of f ε , the iterate g ℓ has an invariant set ∆ ∼ = Λ × M such that g ℓ | ∆ is conjugated with a S 1,α -perturbation Ψ g ℓ of Ψ ε .
Observe that Ψ ε satisfies the assumptions in Proposition 5.5: the maps φ i have the the covering properties in the regions B cs , B cu , and the transition maps between these domains are created via the map ϕ and using the hypothesis that W s (p, h ε ) ⋔ W u (q, h ε ) = ∅. Then the symbolic skew-product Ψ ε has a S 1,α -robust symbolic cycle associated with symbolic blenders.
Hence, according to Proposition 5.2, using the conjugation, f ℓ ε has a C 1 -robust cycle associated with hyperbolic sets Γ cs ε and Γ cu ε for f ℓ ε that come from the symbolic blenders. To compute the co-index of this cycle note that the (stable) indices of Γ cs ε and Γ cu ε are, respectively, Ind(Λ) + dim(M ) and Ind(Λ). Thus, the co-index of the heterodimensional cycle is equal to the dimension of M .
The one-parameter family may be taken so that the same conclusions of a heterodimensional cycle with the above co-index between two hyperbolic sets can be made for the map f ε . This ends the proof of the theorem.
5.3. Robust mixing: proof of Theorem C. We will build robustly mixing examples of symbolic skew-products. One of the classical ways to create robustly transitive diffeomorphisms is to construct a map that robustly has a hyperbolic periodic point with dense stable and unstable manifolds. Hence, using the inclination lemma (or λ-lemma) one concludes the the diffeomorphism is robustly topologically mixing. We will do the same here for the symbolic case in the following theorem. Assume that there exists an attracting fixed point of φ 1 and a repelling fixed point of φ k+1 , both in B, having respectively stable and unstable manifold C 1 -robustly dense in M .
Then, there exists a fixed point (ϑ, p) ∈ Γ cs Φ forΦ such that its stable and unstable sets, W s ((ϑ, p);Φ) and W u ((ϑ, p);Φ), are S 1,α -robustly dense on Σ d × M . ConsequentlyΦ is S 1,α -robustly topologically mixing.
The next sequence of propositions are necessarily to prove the above theorem. The first proposition shows how to enlarge the topological dimension of the closure of the strong unstable set of a blender via a fiber-repelling fixed point. Compare to [BDV05, Lemma 6 .12].
Proposition 5.11 (Blender activation). LetΦ ∈ PHS 0,α d (M ) be a one-step map in the hypothesis of Proposition 4.9. Assume that there exists a fiberrepelling fixed point (υ, q) ofΦ in Σ d × B. Then for every small enough S 0,α -perturbationΨ ofΦ it holds that W u ((υ, qΨ);Ψ) ⊂ W uu (Γ cs Ψ ;Ψ) where Γ cs Ψ is continuation of Γ cs Φ for Ψ =Ψ| Σ k ×M . Proof. Consider a small S 0,α -neighborhood V ofΦ such that for everyΨ ∈ V Cν α < δ where C = CΨ(1 − γ −1 ν α ) −1 and δ > 0 is given in Proposition 4.9. Moreover, we can take δ small enough such that B 2δ (q) ⊂ B.
LetΨ ∈ V and consider (ξ, x) ∈ W u ((υ, qΨ);Ψ). Let V be an open neighborhood of (ξ, x). In order to prove the proposition we need to show that the global strong unstable set of Γ cs Ψ meets V . Since Ψ −n (ξ, x) converges to (υ, qΨ) ∈ Σ d × B then for n large enough we have that B δ (Ψ −n (ξ, x)) ⊂ Σ k × B. Now, we define
Let H n be the graph set of h n and notice that for n large H n ⊂ Ψ −n ((W s loc (ξ; τ ) × {x}) ∩ V ). Claim 5.12. For n large enough, H n is a δ-horizontal disk in Σ d × B.
Proof. Let ζ, ζ ′ ∈ W s loc (τ −n (ξ); τ ) be two bisequences with d Σ k (ζ, ζ ′ ) = ν l . Applying Lemma 4.2 to τ n (ζ), τ n (ζ ′ ) and the point x, we obtain h n (ζ) − h n (ζ ′ ) = ψ −n τ −1 (τ n (ζ))
Hence, from the choice of δ we have proved that h is (α, C)-Hölder continuous map with Cν α < δ. On the other hand, for n large enough H n ⊂ Σ d × B and therefore we conclude the proof of the claim.
From the above claim and Proposition 4.9, for n large enough, The following lemma shows how to construct a one-step map having fixed points with the stable or unstable set robustly dense.
Lemma 5.13. Let Φ = τ ⋉φ ξ ∈ PHS 1,α d (M ) be a one-step skew-product map with a fiber-repelling/attracting fixed point (υ, q) such that the unstable/stable manifold of q for φ υ is C 1 -robustly dense in M . Then the unstable/stable set of (υ, q) for Φ is S 1,α -robustly dense in Σ d × M .
Proof. Consider a S 1,α -perturbationΨ = τ ⋉ ψ ξ ofΦ. We will prove that the unstable set of the fiber-repelling fixed point (υ, qΨ), continuation of (υ, p) forΨ, is dense in Σ d ×M . Similarly follows for the case of the fiber-attracting fixed point and its stable set.
Let C × V be any basic open set in Σ d × M . By the density of the unstable set of υ for τ on Σ d , there exists ξ ∈ C ∩ W u (υ; τ ) and so for n large enough τ −n (ξ) is close to υ. For the fiber maps ψ ζ with ζ close enough to υ, there exists the fiber-repelling fixed point qΨ , ζ , which is the continuation of qΨ. where ψ τ −i (τ −n (ξ)) is C 1 -close to ψ υ and thus also to φ υ . Since by hypothesis the unstable manifold of q for φ υ is C 1 -robustly dense in M , the same holds for the fixed point qΨ , τ −i (τ −n (ξ)) with respect to the maps ψ τ −i (τ −n (ξ)) .
By the continuous dependence of compact pieces of the unstable manifold with respect to the fiber diffeomorphisms, we may assume that for all m ≥ 1, the unstable manifold of qΨ , τ −m (τ −n (ξ)) intersects ψ −n τ −1 (ξ) (Ṽ ). Thus for each m ≥ 1 there is the point x m which belongs to the intersection
SinceṼ is closed we may assume that the sequence {x m } converges to a point x in ψ −n τ −1 (ξ) (Ṽ ) ⊂ ψ −n τ −1 (ξ) (V ). By the Hölder continuity of fiber maps on the base sequence, qΨ ,τ −m (τ −n (ξ)) tends to q Ψ , and then it is not hard to show thatΨ −m−n (τ −n (ξ), x) goes to (υ, qΨ) as m → ∞. Thuŝ Ψ n (τ −n (ξ), x) ∈ (C × V ) ∩ W u ((υ, qΨ);Ψ), concluding the proof of the lemma.
The following proposition demonstrates how to create a symbolic csblender with a dense strong unstable set.
Proposition 5.14. LetΦ ∈ PHS 1,α d (M ) be a one-step in the hypothesis of Proposition 4.9 with d > k. Assume that the fiber map φ k+1 has a repelling fixed point in B with the unstable manifold C 1 -robustly dense on M . Then for every small enough S 1,α -perturbationΨ ofΦ it holds that W uu (Γ cs Ψ ;Ψ) = Σ d × M where Γ cs Ψ is the continuation of Γ cs Φ for Ψ =Ψ| Σ k ×M . Proof. Let q ∈ B be the repelling fixed point of φ k+1 . Observe that (υ, q) is a fiber-repelling fixed point ofΦ in Σ d × B where υ = (υ i ) i∈Z ∈ Σ d is the bi-sequence with υ i = k + 1 for all i ∈ Z. By Proposition 5.11 it follows that for every small enough S 1,α -perturbationΨ ofΦ, is a C 1 -perturbation of id with a repelling fixed point in B cs whose unstable manifold is C 1 -robustly dense on M .
Notice that the restriction of f ℓ ε to Λ × M is conjugated to Φ ε = τ ⋉ (φ 1 , . . . , φ k , ϕ, . . . , ϕ) ∈ PHS 1,α d (M ). This partially hyperbolic one-step satisfies the assumptions in Theorem 5.10 and thus Φ ε is S 1,α -robustly topologically mixing. By Proposition 5.2, via the conjugation, it follows that f ℓ ε | Λ×M is C 1 -robustly topologically mixing and thus the same holds for f ε | Λ×M .
To show that Λ × M and its continuations ∆ g (for small C 1 -perturbation g of f ε ) are non-hyperbolic sets, let us observe that the map Φ ε by construction has fiber-repelling and fiber-attracting fixed points. Therefore, via the conjugation, the topologically mixing sets ∆ g on the manifold N × M will have periodic points of (stable) index Ind(Λ) + dim(M ) and of index Ind(Λ), thus proving the non-hyperbolicity of these sets.
This completes the proof of the last theorem.
